In this work, nonlinear pollution absorption, emission rate, and effectiveness of abatement technology are incorporated into the classic overlapping generation model. Within this framework, we analyze the macroeconomic effects of pollution emission and abatement technology on the economy. Our findings reveal that different levels of pollution emission rates from per capita income and the effectiveness of abatement technology could induce complex dynamical behavior, including the occurrence of a stable equilibrium, cycles, and chaos. Our analysis shows that either the pollution emission rate per capita income should be controlled to be small enough or the effectiveness of abatement technology should be large enough to maintain a stable system yielding high level of per capita income. A high level of pollution emission rate per capita income and a low level of effectiveness of abatement technology can lead to a stable economy, but with a low level of per capita income. In the case that the pollution emission rate and the effectiveness of abatement technology vary in a certain range, the economy would become unstable, and cycles and chaos would emerge.
Introduction
Environmental pollution has become a serious societal issue [1] [2] [3] [4] . Pollution stock accumulation problems due to pesticide resistance, soil erosion, water pollution, and climate change have attracted more and more attention in studies of economic growth [5] .
Though fossil fuel provides the power needed in production and greatly increases consumption levels, the negative energy externality can no longer be ignored. Burning of fossil fuels generates sulfuric, carbonic, and nitric acids, which produce extreme harm to the environment. Combustion of fossil fuels releases radioactive materials such as uranium and thorium, and generates a large amount of bottom ash and fly ash. In addition, the harvesting, processing, and distribution of fossil fuels cause many environmental concerns. Aside from pollution generated from the use of fossil fuels, most human activities-especially during the production process-also emit pollution. Some pollution can be absorbed by the environment, but as nature's capacity to absorb pollution is limited, most pollution tends to accumulate in the surrounding environment and has very long residence time, lasting from decades to centuries. High pollution concentration causes enormous human health problems and environmental deterioration. It remains uncertain for the growth of output over the next century and beyond, for what energy systems will be developed in the decades ahead, for the pace of technological changes in substitutes for pollution materials used or in pollution-removal technologies, for the reaction to rising pollution in the environment, and perhaps most of all about the economic and ecological responses to a changing environment [6] . This makes it very difficult to identify the real amount of pollution stock. Broadly speaking, the real amount of pollution stock is affected by the environmental absorption capacity, the emission of economic output, and the abatement technologies.
The environment has the ability to absorb pollution. For example, many plants have the ability to gradually remove toxins from air, water, and soil. The forest and ocean have the ability to be a carbon sink. The microorganisms in the earth and ocean also have the capability to absorb the pollutants-a process called bio-remediation. However, the environment's ability to act as a sink for pollutants is limited by the scarcity of natural resources. The bounded absorption capability of pollution by the environment and the necessity for economic activity to comply with environmental limits have been noticed. For example, Ouardighi and Benchekroun [7] proposed a pollution accumulation model with environmental absorption capacity in which the environmental absorption capacity is shown to be impacted by economic activity. Zemel [8] pointed out that the natural decay of the pollution stock is a stochastic process. It is argued that the environment possesses nonlinear absorption capacity rather than a constant or linear one [9, 10] . Canadell [9] found a decline in the efficiency of CO 2 sinks in the last 50 years and largely increased the carbon intensity. A similar trend has been observed with other pollutants [5] . If gas concentrations are too high, then there is a nonlinear absorption [10] . Endo et al. [11] found that the removal of extractable organic material causes the sorption of soot-considered as an important sorbent for organic contaminants in soils, sediments, and aerosols-to be more nonlinear and with a decreasing trend. However, most of the existing work has ignored the nonlinear environmental absorption capacity. Consequently, this may make the dynamic behavior of pollution accumulation misleading in understanding the economy [12] .
In this paper, we aim to capture the macroeconomic effects of pollution emission and abatement varieties on an overlapping generation (OLG) economy with nonlinear environment pollution absorption. We point out that in optimal economic growth literature, pollution is always considered as an emission and by-product of economic growth, and has a negative effect on the utility agents. Gutierres [13] analyzed the effects that pollution can produce on the economy when it affects the health of agents who are forced to spend on medical care when they are elderly. Most of the existing literature focuses on the emission effect of economic growth. Hofer et al. [14] studied the direct effect of pollution on the production function. Ang [15] examined the dynamic relationships between output, CO 2 emissions, and energy consumption in Malaysia during the period 1971-1999 using a multivariate vector error-correction model. Poumanyvong and Kaneko [16] conducted an empirical investigation of the effect of urbanization on energy use and CO 2 emissions with consideration of different development stages. Duarte et al. [17] analyzed the relationship between per capita water use and per capita income for 65 countries over the period 1962-2008, within the framework of the Kuznets curve.
Recently, increasing attention has been paid by governments, international organizations, and academics to abatement technologies and investment in new technologies via taxes, fiscal policy, and environmental regulation. Heijdra et al. [18] introduced the idea that abatement and tax can be used to reduce the inflow of dirt and bring down the stock of the polluting capital input. Dam [19] studied an OLG model with stock market allowing agents to choose between investing in "clean" government bonds and polluting firm equity, and showed that stock prices can help solve the pollution cost conflicts between current and future generations. Others tried to estimate the marginal abatement cost of pollutants-especially green house gas [20, 21] . Du et al. [20] calculated a quadratic parameterized directional output distance function, and concluded that the shadow price of CO 2 abatement in China increased from 1000/ton in 2001 to 2100/ton in 2010. The incremental pollutant abatement cost (PAC) of greenhouse gas reduction bill regulation on Taiwan's freeway bus service industry from 2008 to 2010 was assessed in [21] , and it has been calculated that the average incremental PAC during that period was NT $69.2 million.
In this paper, we aim to analytically characterize the complex dynamics induced by the nonlinear pollution absorption process within an OLG economy. The basic OLG model is an excellent tool for studying phenomena depending on inter-generational transfers if one can assume that each retired generation consumes all of its savings or, equivalently, each new generation replaces the entire capital stock employed by the previous generation. For this purpose, nonlinear pollution absorption, emission rate, and effectiveness of abatement technology will be incorporated into the classic OLG model in this work.
We organized the rest of the paper as follows. We present our basic pollution stock model in Section 2 and study its dynamics in Section 3. Related economy and policy implications from our findings are presented in Section 4. We conclude our paper in Section 5 with a brief summary and discussion.
The Basic Pollution Stock Model
An OLG economy is considered throughout this paper. Thus, two overlapping generations of consumers (the young and the old) with constant populations (normalized to one) are assumed at each period t ∈ {0, 1, · · · , ∞}. At period t, a representative young individual works supplying one unit of labor inelastically and retires when he becomes old at period t + 1 and rents his savings to firms earning the gross return at the rate of 1 + r t+1 − δ, where r t+1 and δ ∈ [0, 1] represent the interest rate and the depreciation rate of capital, respectively. As in [1, 3] , we assume that a representative individual derives utility only in old age, from consumption C t+1 and the quality of the environment. Here we assume that the quality of the environment decreases as the accumulation of pollution P t+1 increases, where P t+1 represents the additional concentration of pollution such as green house gas like CO 2 with respect to its pre-industrial level. The utility function U(C t+1 , P t+1 ) is assumed to take the following form
where B > 0 is a scaling parameter [22] . To have a good quality of environment in old age, a representative young consumer invests a portion of her income, d t , in pollution abatement. This leaves the rest of her income, s t = w t − d t , as her savings for old-age consumption. Thus, her budget constraints are given by
If full depreciation over one period is assumed, then δ = 1, and the second equation in (2) becomes C t+1 = r t+1 s t .
As in [3] , we use the following equation to describe the evolution of P t+1
where m is the natural pollution absorption rate, e > 0 is the emission rate of pollution from per capita income, and b > 0 denotes the effectiveness of abatement technology. In the environmental economic modeling literature (e.g., [1, 3, 4] ), m is assumed to be a constant. However, the most recent research results show that the environmental absorption capacity is not a constant, but has some nonlinear characteristics (see [5, 10, 11] ). It is reasonable to assume that when the pollution stock level is relatively low, the environment may have a relatively high absorption capacity, while it may not be valid when the pollution accumulations become too high. In the extreme case, as P t becomes sufficiently large, the carbon sinks would cease functioning and thus m would become zero. Based on the above argument, in this work, we assume that m = m(P t ) is decreasing in P t taking the following form
Thus, (3) becomes
The problem facing the representative agent is then given by max U(C t+1 , P t+1 )
Since the final good is assumed to be produced by the representative firm with a constant return to scale technology, we can express the output per worker in the form of
where k t is capital-labor ratio and the production function f satisfies
We also assume the Inada conditions
hold. These conditions imply that the marginal product of capital approaches infinity at zero capital and decreases to zero when the capital becomes infinitely large. The firm maximizes its profit in a competitive clearing market. Thus, we have the following standard equations
Moreover, to get the capital market equilibrium, it is required that
which means the total saving in period t equals the capital demand in period t + 1.
Dynamics of the Economy

Equilibrium: Existence and Uniqueness
For the utility function given in (1), it follows from the first condition of the representative agent's maximization problem with respect to d t that
where
. Equation (12) captures effect of pollution on interest rate and the price of capital use. Substituting the first budget constraint in (6) and the first-order condition (12) into (5) leads to the following difference equation
Proposition 1. Equation (13) implicitly defines a nonlinear map, G : R + → R + with k t+1 = G(k t ); that is, for any given k t > 0, there exists a unique k t+1 > 0 that satisfies (13) .
Proof. Denote the left-hand-side of (13) by H 1 (k t+1 ), then it follows from (8) and (9) that the function H 1 (u) is decreasing for u > 0, with
Once k t > 0 is given, then the right-hand-side of (13) can be regarded as a function of the unknown k t+1 , which we denote by H 2 (k t+1 ). Clearly, the function H 2 (u) is increasing in u, with
Therefore, there must exist a unique k t+1 > 0 such that (13) is satisfied. The proof is complete.
The perfect foresight equilibrium is a sequence {k t , t = 0, 1, 2, . . . } that satisfies (13) . An equilibrium of (13) is a level k such that
which can be simplified as
Let
and
We further assume that
It follows from (16) and (18) 
Note that F 2 (k) = b + e + bk f (k) and
. This, together with (18) and (19) , shows that F 2 (k) is increasing for k > 0 and
Using the continuity of F 2 , there must exist ak > 0 satisfying F 2 (k) = 0 such that F 2 (k) is increasing for k ∈ (k, ∞) and is decreasing for k ∈ (0,k). Note that F 1 (k) > 0 and F 2 (k) < 0 for k ∈ (0,k), the equation F 1 (k) = F 2 (k) has no solution in the interval (0,k). On the other hand, since
. A numerical sketch of the above argument is demonstrated in Figure 1 . Summarizing the above discussion, we have the following proposition. (18) and (19) , Model (13) admits a unique positive equilibrium k * satisfying k
Proposition 2. Under the assumptions
Taking the total differential of (13), we can get
Then we evaluate all derivatives at the equilibrium k * to obtain
However, the relationship between |G k | and 1 is unclear, and the equilibrium k * may be stable or unstable. In addition, periodic cycles may appear. Furthermore, as the parameters vary, there may be bifurcations including flip bifurcations leading to chaos. We numerically explore this in the next subsection.
Complex Dynamics
Note that the nonlinear map G is not explicitly given, but is rather defined implicitly by (13) ; it is very difficult to analyze the dynamics of the map G analytically. In this section, we numerically explore the emergence of complex dynamics. To illustrate this, we take the production function f as the widely-adopted Cobb-Douglas function
where A > 0 is the level of the technology and θ ∈ (0, 1) is the per capita output elasticities. These values are constants determined by the available technology.
Assumptions (18) and (19) can be easily verified, and hence the map G is well defined and there exists a unique positive equilibrium k * . For numerical simulations, we take parameter values: A = 4, θ = 0.25, a = 0.6, a 1 = 5, and B = 0.025.
We first fix b = 0.4 and illustrate the macroeconomic effect of pollution emission rate, e, on the OLG economy in Figure 2 . It is shown that if the rate of pollution emission rate e is relatively low, then the system converges to an equilibrium with high level of per capita income. With the increase of pollution emission rate, the system becomes unstable. When e is relatively high, the system regains its stability, but with a low level of per capita income k. To demonstrate how the abatement technology affects the macro-economy, we fix e = 2.2 and vary b to obtain the bifurcation diagram in Figure 3 . As shown in Figure 3 , the effectiveness of abatement technology b could also lead to complex dynamic behaviors. If the effectiveness of abatement technology b is relatively low, the system is stable with a low level of capital income. With the increase of the effectiveness of abatement technology b, the system may become unstable. When the effectiveness of pollution abatement technology b is relatively high, the system becomes stable again with a high level of capital income.
To consider the combined effect of pollution emission and abatement technology, we obtain the stability region in the el-b space. A typical sketch is presented in Figure 4 . As shown in Figure 4 , if the pollution emission rate from per capita income e is relatively small, and the effectiveness of abatement technology b is relatively high, the system is very likely to converge to a stable equilibrium with high level of capital income. On the other hand, if e is relatively large and b is relatively low, then the economy will sink to a stable equilibrium with a low level of capital income. For other ranges of e and b values, cycles and chaos may emerge. Hence, by investing more in improving the effectiveness of pollution abatement technology and controlling pollution emission, it is possible to achieve a stable state with high level of capital income and low pollution accumulation.
Economy and Policy Implications
Bifurcation diagrams presented in the previous section implicate that investment in production can have two opposite effects. On the one hand, production will bring wages to the individual, which is the source of consumption. On the other hand, the production process will cause pollution emission. The former has a positive effect on the utility function, and the latter has a negative effect on the utility function. When the emission rate of pollution from per capita income e (the effectiveness of pollution abatement rate b) is relatively low, the representative individual knows she will suffer very little from the pollution emission, and the positive effects overcome the negative ones; therefore, she prefers to invest for higher per capita income. When the emission rate of pollution from per capita income e (the effectiveness of pollution abatement rate b) is relatively high, the representative individual knows she will suffer a lot from the pollution emission, and the negative effects outweigh the positive one; therefore, she prefers to invest less and gets a low level of per capita income. If the value of e (b) is between these critical values, then it becomes difficult for the agent to make a rational decision on his investment. Consequently, there arises fluctuations between per capita income (which is an unstable cobweb dynamics), and hence the capital income will undergo unstable fluctuations. These fluctuations in capital income will increase the aggregate regret in the following period. As a result, the same fluctuations will appear in the next period, leading to the emergence of endogenous fluctuation cycles.
It has been questioned from several aspects about the existence of the environmental Kuznets curve (EKC). Only certain air quality indicators-especially local pollutants-have illustrated the existence of an EKC. One reason mentioned in [23] is the neglect of emission of pollutants and institution reforms on pollution abatement technology. In contrast, in this work, by incorporating nonlinear environmental pollution absorption, the pollutant stock is shown to be determined both by pollution emission and the abatement technology. As the production has two opposite effects on utility and an individual does not know which effect is predominant, the economy would become unstable.
This theoretical contribution may find significant applications in the design and calibration of environmental policies. To avoid complex dynamics so that the economy approaches a sustainable equilibrium, much greener preferences and more efficient abatement technologies should be introduced. To achieve this, the following four possible policies might be implemented: (i) Reduce pollution emission rate by implementing firm regulations on pollutant emit firms, point and non-point pollution source, and cross-regional polluters; (ii) Increase pollution abatement efficiency by investing and promoting efficient pollution abatement technology; (iii) Develop and improve laws and regulations on pollution control; and (iv) Use economic means, such as pollution tax and emissions authority.
Summary and Discussion
In this work, we have proposed a new version of OLG model that incorporates nonlinear pollution absorption, pollution emission, and abatement technology. Within this framework, we analyzed the macroeconomic effects of the pollution emission rate from per capita income e and the effectiveness of abatement technology b. We have shown that the nonlinear pollution absorption in the OLG model can induce complex dynamic behaviors yielding a stable equilibrium, cycles, and flip bifurcations and chaos. If the emission rate of pollution from per capita income e (the effectiveness of abatement technology b) is lower (higher) than some critical value, the system is stable. With the increase of e (b), the system may become unstable and cycles and even chaos may appear. When e (b) is extremely high, the system becomes stable again but with low (high) level of capital income k.
From an economic point of view, our results indicate that on the one hand, the production process promotes higher wages and more consumption. On the other hand, production-associated pollution emission increases the pollution stock. The variations in pollution emission rate from per capita income e and the effectiveness of abatement technology b would make it extremely difficult for the agent to balance between these two aspects, and this leads to the fluctuations observed in the capital income. We have also analyzed the combined macroeconomic effects of pollution emission rate from per capita income e and effectiveness of abatement technology b. The economy with relatively small e combined with relatively high b-or relatively large e combined with relatively small b-is very likely to be stable. The former would sink to a high level of capital income, and the latter would lead to a low level of capital income. For certain combinations of e and b, the economy would exhibit fluctuations.
As pointed out by [12] , complex dynamic phenomena are very common in economic systems. For example, it is known that an OLG model is capable of inducing complex dynamics in economic systems [3] . Note that the endogenous dynamic behaviours presented in [3] occur when the pollution emission rate is in an unrealistic range and thus their results are not practicable in policy-making. It is not well-studied in systems with environmental pollution. Our work gives an attempt in this direction. Our main contribution to the pollution stock literature is that an analytical framework on the nonlinear pollution absorption process is established, which enables us to characterize the qualitative properties of the model. Our findings show that when a truly general form for nonlinear pollution absorption is considered in an economic growth system, a wide range of qualitative complex dynamics including stable equilibrium, cycles, and chaos can be induced by pollution emission and abatement. This theoretical contribution may provide practicable insights for environmental policy-making.
It is shown in [1] that cyclically or chaotically fluctuating equilibria are more likely to exist if people's concerns towards greener preferences and the maintenance efficiency relative to degradation are not sufficiently high. It is also pointed out in [4] that pollution perception-the difference between generations in the perceived level of pollutionversus the actual level of pollution-is also an important source of fluctuations in intergenerational equity. From these points of view, our work enriches the complex dynamics of OLG models by considering nonlinear pollution emission rate and abatement efficiency.
